This paper provides global formulations of Lagrangian and Hamiltonian variational dynamics evolving on the product of an arbitrary number of two-spheres. Four types of Euler-Lagrange equations and Hamilton's equations are developed in a coordinate-free fashion on two-spheres, without relying on local parameterizations that may lead to singularities and cumbersome equations of motion. The proposed intrinsic formulations of Lagrangian and Hamiltonian dynamics are novel in that they incorporate the geometry of two-spheres, resulting in equations of motion that are expressed compactly, and they are useful in analysis and computation of the global dynamics.
I. INTRODUCTION
The two-sphere is the two-dimensional manifold that is composed of unit-vectors in R 3 . There are a wide variety of dynamical systems that evolve on multiple copies of twospheres, for example in robotics [1] , earth sciences [2] , and quantum mechanics [3] . In most of the existing literature on dynamical systems evolving on two-spheres, the unitsphere is parameterized by two angles. For example, a point on the two-sphere is often described by its longitude and latitude. Parametrizing the two-sphere by two angles is straightforward, and the angles are typically viewed as being in an open subset of R 2 .
However, such parameterizations of the two-sphere suffer from the following two main issues. First, parameterizations represent the two-sphere only locally. This can be easily observed from the fact that the longitude is not well defined at the north pole and the south pole. This causes a singularity in representing the kinematics on the two-sphere, especially when converting the velocity of a curve on the two-sphere into the time-derivatives of the longitude and the latitude. This yields numerical ill-conditioning in the vicinity of those singularities, which cannot be avoided unless one switches coordinate charts, which becomes problematic when trying to track motions with large angular deviations.
The second issue is that the equations of motion of dynamical systems on the two-sphere become exceedingly complicated when expressed using local coordinates and necessarily involve complicated trigonometric expressions. For example, the dynamics of a multiple spherical pendulum, written in terms of angles, is extremely complicated.
This paper aims to provide global formulations of dynamics evolving on the product of an arbitrary number of twospheres. In particular, we study dynamical systems that can be viewed as Lagrangian systems or as Hamiltonian systems that encompass a large class of mechanical systems that appear in robotics, structural dynamics, quantum mechanics or meteorology. Most importantly, the unit-vectors on the two-sphere are regarded as elements of a manifold, and dynamics are formulated directly on two-spheres in a global fashion via variational principles.
This geometric formulation is said to be coordinate-free, as it does not require the use of local charts, coordinates or parameters that may lead to singularities or ambiguities in the representation. As such, it can be applied to arbitrarily large angle rotational maneuvers on the two-spheres globally. Furthermore, this provides an efficient and elegant way to formulate, analyze, and compute the dynamics and their temporal evolutions. The corresponding mathematical model developed on two-spheres is nicely structured and elegant. This representational efficiency has a substantial practical advantage compared with local coordinates for many complex dynamical systems; this fact has not been appreciated by the applied scientific and engineering communities.
In short, the main contribution of this paper is providing geometric formulations of the equations of motion for Lagrangian and Hamiltonian systems that evolve on twospheres using variational methods. The proposed global formulations, that do not require local charts, have not been previously studied, even in the well-known literature on geometric mechanics, such as [4] , [5] , [6] . Preliminary results have been given in [7] , [8] , where Euler-Lagrange equations are developed for a certain class of mechanical systems whose kinetic energy is repressed as a quadratic form with fixed inertia elements. This paper provides both Euler-Lagrange equations and Hamilton's equations for arbitrary mechanical systems without such restrictions. Due to page limit, proofs are relegated to [9] .
II. THE TWO-SPHERE
The two-sphere is the two-dimensional manifold of unitvectors in R 3 , i.e.,
It is composed of the set of points that have the unit distance from the origin in R 3 . The tangent space of the two-sphere at q ∈ S 2 corresponds to the two-dimensional plane that is tangent to the sphere at the point q, and it is given by
Throughout this paper, the standard dot product between two vectors is denoted by x · y = x T y for any x, y ∈ R n . Therefore, for any curve q(t) : R → S 2 on the twosphere parameterized by time t, its time derivative satisfies q(t) ·q(t) = 0. From now on, we do not explicitly denote dependence on time for brevity, unless needed. This implies that there exists an angular velocity ω : R → R 3 such thaṫ
where the hat map S(·) :
Without loss of generality, the angular velocity is constrained to be orthogonal to q, i.e., ω · q = 0. Therefore, the three vectors q,q, and ω are mutually orthogonal, and the angular velocity can be written as
It follows thatω = S(q)q andω is perpendicular to q.
III. LAGRANGIAN MECHANICS ON TWO-SPHERES
We consider dynamical systems evolving on the product of n copies of two-spheres, namely (S 2 ) n . The corresponding Euler-Lagrange equations are first obtained in terms of a Lagrangian expressed in terms of the configurations and the time derivatives of the configurations, namely (q,q). A second form of Euler-Lagrange equations is obtained in terms of a modified Lagrangian expressed in terms of the configurations and the angular velocities, (q, ω).
A. Euler-Lagrange equations in terms of (q,q)
Suppose that a Lagrangian L(q,q) : T(S 2 ) n → R 1 is given on the tangent bundle of (S 2 ) n , where (q,q) = ((q 1 , . . . , q n ), (q 1 , . . . ,q n )) ∈ T(S 2 ) n . For example, it can be defined as the difference between a kinetic energy and a potential energy. We derive the corresponding Euler-Lagrange equations according to Hamilton's variational principle.
Let q i : [t 0 , t f ] → S 2 be a differentiable curve for i ∈ {1, . . . , n}. The variation is a parameterized curve defined as
We can express the variation of the curve q i using the matrix exponential map as follows:
Since the exponent S(γ i ) is skewsymmetric, the exponential matrix is in the special orthogonal group,
, thereby guaranteeing that the variation is a parameterized curve on S 2 , i.e., q i (t) = 1. There is no loss of generality in requiring that γ i (t) · q i (t) = 0 for all t 0 ≤ t ≤ t f ; that is, γ i and q i are orthogonal. In short, the variation of the curve q i in S 2 is expressed in terms of a curve in R 3 via (5). The corresponding infinitesimal variations are given by
and satisfy δq i (t 0 ) = δq i (t f ) = 0. Since the variation and the differentiation commute, the expression for the infinitesimal variations of the time derivatives are given by
These expressions define the infinitesimal variations for a vector function q = (q 1 , . . . , q n ) :
The infinitesimal variations are important ingredients to derive the Euler-Lagrange equations on (S 2 ) n . We subsequently suppress the time argument, thereby simplifying the notation. The action integral is the integral of the Lagrangian function along a motion of the system over a fixed time period, i.e., G =
This can be rewritten in terms of δq i as
Let f i ∈ R 3 be the generalized force acting on q i . The corresponding virtual work is given by
According to the Lagrange-d'Alembert principle, we have δG = −δW for any variations. We now substitute the expressions for the infinitesimal variations of the motion (6) and (7) into this, and we simplify the result to obtain the Euler-Lagrange equations expressed in terms of (q,q). Proposition 1: Consider a Lagrangian L(q,q) : T(S 2 ) n → R for a mechanical system evolving on the product of two-spheres, with the generalized force f i . The Euler-Lagrange equations are given by
for i ∈ {1, . . . , n}. Here, the 3 × 3 identity matrix is denoted by I 3 ∈ R 3×3 . Proof: Due to page limit, proof is relegated to [9] . In the above equation (10), the expression in the braces corresponds to the Euler-Lagrange equation for dynamical systems evolving on R n . It is interesting to note that the Euler-Lagrange equations on S 2 corresponds to its orthogonal projection onto the plane normal to q i , represented by the matrix
Next, we consider the important case that the kinetic energy is a quadratic function ofq, and the potential energy U is given as a function of q as
where the scalar inertial terms m jk : (S 2 ) n → R 1 satisfy the symmetry condition m jk (q) = m kj (q) and the quadratic form in the time derivatives of the configuration is positivedefinite on (S 2 ) n . Corollary 1: The Euler-Lagrange equations for the Lagrangian given by (11) with the generalized force f i are
Proof: Due to page limit, proof is relegated to [9] . Note if the inertia terms m ij are independent of the configuration q, then F i (q,q) = 0.
B. Euler-Lagrange equations in terms of (q, ω)
An alternate expression for the Euler-Lagrange equations is now obtained in terms of the angular velocities introduced in (4). We express the action integral in terms of the modified Lagrangian functioñ
where the kinematics equations are given by (3). We use the notation ω = (ω 1 , . . . , ω n ) ∈ R 3n , and we view the modified LagrangianL(q, ω) as being defined on T(S 2 ) n . Let the modified action integral beG = t f t0L dt. Its infinitesimal variation can be written as
Next, we derive expressions for the infinitesimal variation of the angular velocity vectors. From (4), δω i = S(δq i )q i + S(q i )δq i . Substituting (6) and (7) and rearranging,
Expanding each term and using the fact that q i · q i = 1 and q i ·q i = q i · γ i = 0, and substituting (3), this reduces to
The matrix q i q T i corresponds to the orthogonal projection along q i . But, as both of γ i and ω i are orthogonal to q i , S(γ i )ω i is already parallel to q i . Therefore,
The infinitesimal variation of ω i is composed of two parts: the first term −S(ω i )γ i = γ i × ω i is parallel to q i , and it represents the variations due to the change of q i ; the second term corresponds to the orthogonal projection ofγ i onto the orthogonal complement to q i , and it is due to the time rate change of the variation of q i . We now substitute (6) and (15) into (14), and simplify the result to obtain the Euler-Lagrange equations expressed in terms of (q, ω). Proposition 2: The Euler-Lagrange equations on (S 2 ) n for the Lagrangian (13) with the generalized force f i are
Proof: Due to page limit, proof is relegated to [9] . This form of the Euler-Lagrange equations on (S 2 ) n , expressed in terms of angular velocities, can be obtained directly from the Euler-Lagrange equations given in (10) by viewing the kinematics (3) as defining a change of variables fromq to ω. This establishes the equivalence of the Euler-Lagrange equations in terms of (q, ω) (16) and the Euler-Lagrange equations in terms of (q,q) (10).
Next, we consider the important case that the kinetic energy is a quadratic form as in (11). Substituting (3) into (11), and using the fact that
Substituting this into (16) yields the corresponding Euler-Lagrange equations as follows. Corollary 2: The Euler-Lagrange equations for the modified Lagrangian given by (17) with the generalized force f i are
Proof: Due to page limit, proof is relegated to [9] . Similar to Corollary 1, if the inertial terms are independent of the configuration, then F i (q, ω) = 0.
IV. HAMILTONIAN MECHANICS ON TWO-SPHERES
We will now introduce the Legendre transformation and then we derive Hamilton's equations for dynamics that evolve on (S 2 ) n . The derivation is based on the phase space variational principle, a natural modification of Hamilton's principle for Lagrangian dynamics. Two forms of Hamilton's equations are obtained. One form is expressed in terms of momentum vectors (µ 1 , . . . , µ n ) ∈ T * q (S 2 ) n that are conjugate to the velocities (q 1 , . . . ,q n ) ∈ T q (S 2 ) n , where q ∈ (S 2 ) n . The other form of Hamilton's equations are expressed in terms of momentum vectors (π 1 , . . . , π n ) ∈ R 3n that are conjugate to the angular velocities (ω 1 , . . . , ω n ) ∈ R 3n .
A. Hamilton's equations in terms of (q, µ)
As in the prior section, we begin with a Lagrangian function L : T(S 2 ) n → R 1 , which is a real-valued function defined on the tangent bundle of the configuration manifold (S 2 ) n . The Legendre transformation of the Lagrangian function L(q,q) leads to the Hamiltonian form of the equations of motion in terms of a conjugate momentum vector. For q i ∈ S 2 , the corresponding conjugate momentum µ i lies in the dual space T * qi S 2 . We identify the tangent space T qi S 2 and its dual space T * qi S 2 by using the usual dot product in R 3 . More explicitly, the Legendre transformation is given by
for anyq i ∈ R 3 orthogonal to q i . Since the component of µ i parallel to q i has no effect on the inner product above, the vector representing µ i is selected to be orthogonal to q i ; that is µ i is equal to the projection of ∂L(q,q) ∂qi onto T * qi S 2 . Thus
We assume that the Lagrangian function has the property that the Legendre transformation is invertible in the sense that the above n algebraic equations, viewed as a mapping from T q (S 2 ) n to T * q (S 2 ) n , is invertible. Since these tangent and cotangent spaces are embedded in R 3n , we can view the Legendre transformation as being the restriction of a mapping from R 3n to R 3n that is invertible.
The Hamiltonian function H : T * (S 2 ) n → R 1 is given by
where the right hand side is expressed in terms of (q, µ) using the Legendre transformation (19). Consider the action integral in the form,
Integrating by parts and using the fact that the variation δq vanishes at t 0 and t f , the infinitesimal variation of the action integral is given by
Next, we derive the expression for the variations of µ i . According to the definition of the conjugate momenta µ i given by (19), we have q i · µ i = 0, which implies that δq i · µ i + q i · δµ i = 0. To impose this constraint on the variations explicitly, we decompose δµ i into the sum of two orthogonal components: one component parallel to q i , namely δµ C i = q i q T i δµ i , and the other component orthogonal
)δµ i is otherwise unconstrained. Substituting this and (6) into (21), we obtain Hamilton's equations in terms of (q, µ) as follows.
Proposition 3: Hamilton's equations on (S 2 ) n for the Hamiltonian given by (20) with the generalized force f i arė
for i = 1, . . . , n. Proof: Due to page limit, proof is relegated to [9] . When f i = 0, any time-independent Hamiltonian is preserved along the solution of Hamilton's equations, since
Next, we consider the case where the kinetic energy is a quadratic function of the time derivatives of the configuration so that the Lagrangian is given by (11). The conjugate momentum vector is defined by the Legendre transformation
We assume that these algebraic equations, viewed as a linear mapping from (q 1 , . . . ,q n ) ∈ T q (S 2 ) n ⊂ R 3n to (µ 1 , . . . , µ n ) ∈ T * q (S 2 ) n ⊂ R 3n , can be inverted and expressed in the forṁ
where m I ij : (S 2 ) n → R 3×3 . There is no loss of generality in including the indicated projection in the above expression since the inverse necessarily guarantees that if (µ 1 , . . . , µ n ) ∈ T * q (S 2 ) n ⊂ R 3n then (q 1 , . . . ,q n ) ∈ T q (S 2 ) n ⊂ R 3n . The Hamiltonian can be expressed as
Corollary 3: Hamilton's equations for the Hamiltonian given by (25) with the generalized force f i are (24) anḋ
Proof: Due to page limit, proof is relegated to [9] .
B. Hamilton's equations in terms of (q, π)
We now present an alternate version of Hamilton's equations using the Legendre transformation of the modified Lagrangian functionL(q, ω) to define the conjugate momentum vector. The Legendre transformation (ω 1 , . . . , ω n ) ∈ R 3n → (π 1 , . . . , π n ) ∈ R 3n is defined by
Here π i ∈ R 3 is viewed as conjugate to ω i ∈ R 3 , i = 1, . . . , n. We use the notation π = (π 1 , . . . , π n ) ∈ R 3n . We assume that the modified Lagrangian function has the property that the Legendre transformation is invertible in the sense that the above algebraic equations, viewed as a mapping from R 3n to R 3n , is invertible. The modified Hamiltonian function is given bỹ
where the right hand side is expressed in terms of (q, π) using the Legendre transformation (27). Consider the modified action integral of the form,
Take the infinitesimal variation ofG and integrate by parts to obtain
where we use the fact that (I 3×3 − q i q T i )π i = π i since π i is orthogonal to q i by the definition (27).
The orthogonality condition π i · q i = 0 also implies that δq i · π i + q i · δπ i = 0. To impose this constraint on the variations explicitly, we decompose δπ i into a component that is parallel to q i , namely δπ C i = q i q T i δπ i , and a component that is orthogonal to q i , namely δπ M i = (I 3×3 − q i q T i )δπ i . From the above constraint, we have q T
Proposition 4: Hamilton's equations for the modified Hamiltonian given by (28) with the generalized force f i arė
for i = 1, . . . , n. Proof: Due to page limit, proof is relegated to [9] . When f i = 0, any time-independent modified Hamiltonian is preserved along the solution of Hamilton's equations, since
We now consider the important case where the kinetic energy is a quadratic function of the angular velocities in the form that arises from the Lagrangian given by (13). The conjugate momentum is defined by the Legendre transformation
We assume these algebraic equations, viewed as a linear mapping from (ω 1 , . . . , ω n ) ∈ R 3n to (π 1 , . . . , π n ) ∈ R 3n can be inverted and expressed in the form
where m I ij : (S 2 ) n → R 3×3 . The modified Hamiltonian function can be expressed as 
for i = 1, . . . , n. Proof: Due to page limit, proof is relegated to [9] .
V. DYNAMICS ON CHAIN PENDULUM
A chain pendulum is a connection of n rigid links, that are serially connected by two degree-of-freedom spherical joints. We assume that each link of the chain pendulum is a rigid rod with mass concentrated at the outboard end of the link. One end of the chain pendulum is connected to a spherical joint that is supported by a fixed base. A constant gravitational acceleration acts on each link of the chain pendulum. This may represent a spherical pendulum (n = 1), or a double spherical pendulum (n = 2) as special cases.
The mass of the i-th link is denoted by m i and the link length is denoted by l i . For simplicity, we assume that the mass of each link is concentrated at the outboard end of the link. An inertial frame is chosen such that the first two axes are horizontal and the third axis is vertical. The origin of the inertial frame is located at the fixed spherical joint. Each of the chain links has a body-fixed frame with the third axis of the body-fixed frame aligned with the axial direction of the link. The vector q 1 ∈ S 2 represents the direction from the fixed base to the mass element of the first link, and the vector q i ∈ S 2 represents the direction from the (i − 1)-th spherical joint to the concentrated mass element of the i-th link. Thus, the configuration of the chain pendulum is the ordered n-tuple of configurations of each link q = (q 1 , . . . , q n ) ∈ (S 2 ) n , so that the configuration manifold is (S 2 ) n . The chain pendulum has 2n degrees of freedom.
Let x i ∈ R 3 be the position of the outboard end of the i-th link in the inertial frame; it can be written as
